
1 Newtonian or Lagrangian

A block of mass m is held at rest on a frictionless plane of mass M , angle of incline θ. The plane rests on a
frictionless horizonal surface. Find the acceleration of m and M after the block is released.

5.10. PROBLEMS V-27

5.10 Problems

Section 5.1: The Euler-Lagrange equations

1. Moving plane **
A block of mass m is held motionless on a frictionless plane of mass M and
angle of inclination θ. The plane rests on a frictionless horizontal surface. The
block is released (see Fig. 5.9). What is the horizontal acceleration of the θ
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plane?

(This problem was posed in Chapter 2. If you haven’t already done so, try
solving it using F = ma. You will then have a much greater appreciation for
the Lagrangian method.)

2. Two masses, one swinging ***
Two equal masses m, connected by a string, hang over two pulleys (of negligible
size), as shown in Fig. 5.10. The left one moves in a vertical line, but the right
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one is free to swing back and forth (in the plane of the masses and pulleys).
Find the equations of motion.

Assume that the left mass starts at rest, and the right mass undergoes small
oscillations with angular amplitude ε (with ε! 1). What is the initial average
acceleration (averaged over a few periods) of the left mass? In which direction
does it move?

3. Falling sticks **
Two massless sticks of length 2r, each with a mass m fixed at its middle, are
hinged at an end. One stands on top of the other, as in Fig. 5.11. The
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bottom end of the lower stick is hinged at the ground. They are held such
that the lower stick is vertical, and the upper one is tilted at a small angle ε
with respect to the vertical. At the instant they are released, what are the
angular accelerations of the two sticks? (You may work in the approximation
where ε is very small).

4. Pendulum with oscillating support **
A pendulum consists of a mass m and a massless stick of length #. The pendu-
lum support oscillates horizontally with a position given by x(t) = A cos(ωt)
(see Fig. 5.12). Find the equation of motion for the angle of the pendulum. l
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5. Inverted pendulum ****

(a) A pendulum consists of a mass m and a massless stick of length #. The
pendulum support oscillates vertically with a position given by y(t) =
A cos(ωt) (see Fig. 5.13). Find the equation of motion for the angle of
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the pendulum (measured relative to its upside-down position).

(b) It turns out that if ω is large enough, then if the stick is initially nearly
upside-down, it will, surprisingly, not fall over as time goes by. Instead,

2 Small oscillations

A bead is free to move without friction along a circular wire hoop of radius R, which rotates with constant
angular speed ω about a vertical diameter. What is the minimum value of ω for which the bead will remain
at a fixed θ0? For a sufficiently large ω, what is θ0 (as a function of ω)? What is the frequency of small
oscillations about θ0?

5.10. PROBLEMS V-29

Section 5.7: Small oscillations

12. Pulley pendulum **
A mass M is attached to a massless hoop (of radius R) which lies in a vertical
plane. The hoop is free to rotate about its fixed center. M is tied to a
string which winds part way around the hoop, then rises vertically up and
over a massless pulley. A mass m hangs on the other end of the string (see
Fig. 5.17). Find the equation of motion for the angle through which the R
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hoop rotates. What is the frequency of small oscillations? (You may assume
M > m.)

13. Three hanging masses ***
A mass M is fixed at the midpoint if a long string, at the ends of which are
tied masses m. The string hangs over two frictionless pulleys (located at the
same height), as shown in Fig. 5.18. The pulleys are a distance 2l apart and
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have negligible size. Assume that the mass M is constrained to move in a
vertical line midway between the pulleys.

Let θ be the angle the string from M makes with the horizontal. Find the
equation of motion for θ. (This is a bit messy.) Find the frequency of small
oscillations around the equilibrium point. (You may assume M < 2m.)

14. Bead on rotating hoop **
A bead is free to slide along a frictionless hoop of radius R. The hoop rotates
with constant angular speed ω around a vertical diameter (see Fig. 5.19).
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Find the equation of motion for the position of the bead. What are the
equilibrium positions? What is the frequency of small oscillations about the
stable equilibrium?

There is one value of ω that is rather special. What is it, and why is it special?

15. Another bead on rotating hoop **
A bead is free to slide along a frictionless hoop of radius r. The plane of the
hoop is horizontal, and the center of the hoop travels in a horizontal circle of
radius R, with constant angular speed ω, about a given point (see Fig. 5.20).
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Find the equation of motion for the position of the bead. Also, find the
frequency of small oscillations about the equilibrium point.

3 Coupled oscillations

Two masses are connected to each other by a massless spring of spring constant κ12 and to fixed walls by
springs of spring constant κ. Find the characteristic frequencies of longitudinal modes.

III-14 CHAPTER 3. OSCILLATIONS

It is clear from eq. (3.48) that the combinations x + y and x − y (the normal
coordinates) oscillate with the pure frequencies, ω and 2ω, respectively.

It is also clear that if B2 = 0, then x = y at all times, and they both oscillate
with frequency ω. And if B1 = 0, then x = −y at all times, and they both oscillate
with frequency 2ω. These two pure-frequency motions are called the normal modes.
They are labeled by the vectors (1, 1) and (1,−1). The significance of normal modes
will become clear in the following example.

Example (Two masses, three springs): Consider two masses, m, connected to
each other and to two walls by three springs, as shown in Fig. 3.8. The three springs
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have the same spring constant k. Find the positions of the masses as functions of
time. What are the normal coordinates? What are the normal modes?

Solution: Let x1(t) and x2(t) be the positions of the left and right masses, re-
spectively, relative to their equilibrium positions. The middle spring is stretched a
distance x2 − x1. Therefore, the force on the left mass is −kx1 + k(x2 − x1), and the
force on the right mass is −kx2 − k(x2 − x1). (It’s easy to make a mistake on the
sign of the second term in these expressions. You can double check the sign by, say,
looking at the force when x2 is very big.) Therefore, F = ma on each mass gives
(with ω2 = k/m)

ẍ1 + 2ω2x1 − ω2x2 = 0,

ẍ2 + 2ω2x2 − ω2x1 = 0. (3.49)

These are rather friendly coupled equations, and we can see that the sum and differ-
ence are the useful combinations to take. The sum gives

(ẍ1 + ẍ2) + ω2(x1 + x2) = 0, (3.50)

and the difference gives

(ẍ1 − ẍ2) + 3ω2(x1 − x2) = 0. (3.51)

The solutions to these equations are the normal coordinates,

x1 + x2 = A+ cos(ωt + φ+),

x1 − x2 = A− cos(
√

3ωt + φ−). (3.52)

Taking the sum and difference of these normal coordinates, we have

x1(t) = B+ cos(ωt + φ+) + B− cos(
√

3ωt + φ−),

x2(t) = B+ cos(ωt + φ+)−B− cos(
√

3ωt + φ−), (3.53)

where the B’s are half of the A’s.

Remark: We may also derive eqs. (3.53) by using the determinant method. Letting
x1 = Aeiαt and x2 = Beiαt, we see that for there to be a nontrivial solution for A and B,
we must have

0 =

∣∣∣∣
−α2 + 2ω2 −ω2

−ω2 −α2 + 2ω2

∣∣∣∣

= α4 − 4α2ω2 + 3ω4. (3.54)
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