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Community detection

• Model global structure (e.g. 

summarize data)

• Visualize structure (e.g. graph 

layout)

• Analyze interactions (e.g. 

affinities within/between 

groups)

• Predict (e.g. function, 

attributes, links)

Image from Giorgini, et. al., Genome Biol, 2005



Community detection: Background

• Physics literature

• Newman et. al. (2002,...)

• Bornholdt & Reichardt (2006)

• Hastings (2006)

• ...

• Parametrized cost function (energy), 

mostly focus on how to optimize

• Machine learning literature

• Nowicki & Snijders (2001)

• Kemp et. al. (2004)

• Leicht & Newman (2007)

• Airoldi et. al. (2007)

• Xu et. al. (2007)

• Sinkkonen et. al. (2007)

• Complex models, approximate 

inference (often expensive)



Complexity control

Increasing complexity

Images from http://research.microsoft.com/~minka/statlearn/demo/ and Giorgini, et. al., Genome Biol, 2005

http://www.cs.purdue.edu/homes/koyuturk/mawish/
http://www.cs.purdue.edu/homes/koyuturk/mawish/


Community detection as inference

• Data D={Aij} i,j=1,...,N; Aij=1 if nodes i and j connected

• Parameters bias of die !, bias of coins ! 

• Latent variables {zi}, assignments of nodes to communities

• Given D, infer z, " and K
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Community detection as inference

Model

(parameters !,

latent variables z, 

complexity K)

Data

Sampling

Inference



Constrained stochastic block model

• Nodes belong to “blocks” of 

varying size

• Roll die for assignment of nodes 

to blocks

• Probability of edge between two 

nodes depends only on block 

membership

• Flip (one of two) coins for edges

• Result: mixture of Erdos-Renyi 

graphs

Holland, Laskey, Leinhardt 1983; Wang and Wong, 1987
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Generating modular networks

• For each node:

• Roll K-sided die with bias ! to 

determine zi=1,...,K, the 

(unobserved) module 

assignment for ith node

• For each pair of nodes (i,j):

• If zi=zj, flip “in community” 

coin with bias !c to determine 

edge Aij

• If zi"zj, flip “between 

communities” coin with bias !d 

to determine edge Aij
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Community detection as inference

Model

(parameters !,

latent variables z, 

complexity K)

Data

Sampling

Inference
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• From observed graph structure, 

infer distributions over module 

assignments, model parameters, 

and model complexity
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Community detection as inference

1 2 3

4

5

6

7

8

9

• From observed graph structure, 

infer distributions over module 

assignments, model parameters, 

and model complexity

Multiplication is easy, but 

normalization is intractable O(KN); 

use mean-field variational approach



Variational Bayes

Variational Bayes (Feynman 1972; MacKay, Jordan, Ghahramani, Jaakola, Saul 1999)

• Jensen’s inequality (log of expected value bounds expected value of log) for any 

distribution q



Variational Bayes for modular networks

• Iteratively optimize F{q;A} by updating distributions over parameters {!, !} and latent 

variables {z}
34

Algorithm 2 Variational Bayes for maximum evidence inference

1: t=0
2: choose initial distributions q(0)(Z), q(0)(Θ)
3: repeat
4: E-step: calculate ln q(t+1)(Z) ∝ 〈ln p(D, Z|Θ, K)p(Θ|K)〉q(t)(Θ)

5: M-step: calculate ln q(t+1)(Θ) ∝ 〈ln p(D, Z|Θ, K)p(Θ|K)〉q(t+1)(Z)

6: t ← t + 1
7: until F [q(t+1)(Z), q(t+1)(Θ)]− F [q(t)(Z), q(t)(Θ)] ≤ δ or t = Tmax

a local optimum of the variational free energy. To initialize the algorithm, one

chooses initial distributions q(0)(Z) and q(0)(Θ). In the E-step, the variational free

energy is optimized as a functional of q(Z) for the current parameter distribution,

i.e. q(t+1)(Z) = argmax
q(Z)

F [q(Z), q(t)(Θ)]. In the M-step, the variational free energy

is optimized as a functional of q(Θ) for the current latent variable distribution q(Z),

i.e. q(t+1)(Θ) = argmax
q(Z)

F [q(t)(Z), q(Θ)]. One iterates over these two steps until the

change in the variational free energy is below a specified tolerance δ or a maximum

number of iterations Tmax is reached.

We note that, while VBEM is guaranteed to converge to a local optimum of

the variational free energy, one must often repeat the algorithm for several initial-

izations to find a globally optimal solution; in practice this is achieved by speci-

fying a number of restarts and retaining the results corresponding to the maximal

incomplete-data evidence. Again we see that, as in MLEM, the E-step, which

requires normalizing the complete-data evidence, is computationally tractable for

Gaussian mixture models precisely because the latent variables are not coupled,

i.e. the corresponding Hamiltonian describes non-interacting particles; for non-

interacting particles the sum over Z can be computed in O(KN) time as opposed



Validation: complexity control

• Automatic complexity control: probability of occupation for extraneous modules 

goes to zero



http://vbmod.sourceforge.net

Phys. Rev. Lett. 2008 vol. 100

http://vbmod.sourceforge.net
http://vbmod.sourceforge.net
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Validation: “four groups” test

• Mutual information between true and inferred latent variable assignments for N=128 

nodes, K=4 modules, average node degree 16

Danon et. al (2005)



Validation: Complexity control

• Comparison of our method (VB) to alternative method (ICL, based on BIC) for 

synthetic N=60 node networks and KTrue=3,4,5 modules



Validation: Large-scale network



Validation: Runtime

• O(MK) runtime; ~400 sec for N=106 nodes, K=4 modules, average node degree 16
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Validation: NCAA football schedule

nodes: teams
edges: games
shape: conference
color: inferred module

• Correctly infer K=12 conferences



Validation: NCAA football schedule

nodes: teams
edges: games
shape: conference
color: inferred module
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Application: E. Coli protein-protein network
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Application: E. Coli protein-protein network
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Outline

• Community detection

• Generative model for modular networks

• Variational Bayesian inference

• Validation

• Applications



Application: APS March Meeting 2008 co-authorship
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Conclusions

• Phrased community detection as Bayesian inference

• Variational methods give interpretable, fast, and scalable 

method for (approximate) inference

• Empirical validation of model selection and comparison for 

constrained and full stochastic block models

• Some correlation between topological communities and node 

attributes, but unclear without additional information
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