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¢ Past work: image data

e Extension to modular networks

¢ Bayesian inference and complexity control

e Generating and inferring modular networks

¢ \/alidation and preliminary applications



Overview: modeling image data

e Given an image:

< 10" intensity histogram

| background mean 6630, foreground mean Ell'.:IELEJ

e Assign pixels to clusters
(foreground/background)?
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intensity (arbitrary units)



Overview: modeling image data

10 infensity histogram

| background mean 6630, foreground mean El-EIEEJ

Saunt

6000 F000 BO00 5000 10000 110040 12000
intensity (arbitrary units)

With a generative model of intensity histograms, rules of probability tell us how
to calculate model parameters (e.g. threshold)



Overview: modular networks

e (Given a network:

¢ Assign nodes to modules?

—@

e Determine number of modules
(scale/complexity)?

/
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Overview: modular networks
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With a generative model of modular networks, rules of probability tell us how to
calculate model parameters (e.g. number of modules & assignments)
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http://adhesome.org

nodes: proteins
edges: interactions (e..g binding, regulation)

http://facebook.com
nodes: people
edges: friendship
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Networks describe objects (nodes) and interactions (edges) between the objects.
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(Generative models

Know model Generate
(parameters, synthetic data
assignment
variables,
complexity)

Infer model
(parameters,
latent variables,
complexity)

Observe real
data




Sayesian inference

e Given prior belief and data D, infer
posterior distribution over model
parameters 8 and complexity K

likelihood prilor
e Use Bayes’ rule to “invert” M
probabilities D K) — p(D)0, K)p(@|K)
pOID, K) =
p(DIK)
T
| 1
posterior
evidence
where

p(DIK) = /de (DI, K)pB1K)



Inference: Coin flips



Inference: Coin flips
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Inference: Coin flips ror v i e

15 | | | | — 1 = T T

observe flips:
HTHHHTTHHRH
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Inference: Coin flips

P(BID)
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Inference: Coin flips



Inference: Coin flips
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Inference: Coin flips ror ver i e

| / Observe flips: \
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posterior over coin fairness

Inference: Coin flips
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Sayesian complexity control

e Given prior belief and data D, infer
posterior distribution over model
complexity K

(K |D) = p(D|K)p(K)

e |[f p(K) sufficiently weak, maximize
evidence to find optimal p (D)
complexity

*p(DlK) evidence
constrained model v
p(DIK) = /d9 p(D10, K)p(0|K)

flexible model

/,

S se—— — D

constrained flexible
model wins model wins




Complexity control: o™ Likeinea:
Optimal degree for regression 2 |
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Likelihood always increases with complexity

Evidence incorporates complexity control

http://research.microsoft.com/~minka/statlearn/demo/

o
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Complexity control:
Optimal number of clusters
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Likelihood always increases with complexity
Evidence incorporates complexity control



Complexity control:
Optimal number of clusters

4-component gaussian mixture model 4-component gaussian mixture model
log-likelihood -75895.4 log-likelihood -67744.4
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Likelihood always increases with complexity
Evidence incorporates complexity control



Overview: modular networks

e (Given a network:

¢ Assign nodes to modules?

—@

e Determine number of modules
(scale/complexity)?

/
O



Overview: modular networks
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With a generative model of modular networks, rules of probability tell us how to
calculate model parameters (e.g. number of modules & assignments)



Generating modular networks

e For each node:

¢ Roll K-sided die to determine
zi=1,...,K, the (unobserved)
module assignment for it node

e For each pair of nodes (i,):

o |f zi=z;, flip “in community”
coin with bias 6. to determine
edge

o |[f zi£z;, flip “between
communities” coin with bias 04
to determine edge
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Generating modular networks

Die rolling, coin flipping, and priors: where counts are:
K edges within — Y
N o n modules “+ Z AZ] 621’23
p(Z|7T) — H 7-‘-qu "
pu=1 non-edges within C_ = Z(l — Aij)ézi,Zj
. d 7 modules i ]
p(A|Z,7,0) = 05 (1—0:)0,7(1—0a)"
. N N - - edges between dy = Z Aij (1 — 5zi,zj)
p(@) = B(@C; C+05C—o )B(edv d-|-07 d—o) modules 2
p(’ﬁ") — D(’ﬁ", 7:i) non-edges between d- = Z(l _ Aij)(l - 52'&,%‘)
modules @]
N
des i h —
module Mp = ; Oz,

Stochastic block models (Holland, Laskey, Leinhardt 1983)



Inferring modular networks

e From observed graph structure,
infer distributions over module
assignments, model parameters,
and model complexity

- AlT
(7, 0la, k) = AT

p(Z1A, K) =




Inferring modular networks

e From observed graph structure,
infer distributions over module
assignments, model parameters,
and model complexity

- AlT
(7, 0la, k) = AT

p(Z1A, K) =

Can do integrals,

p(A|K) = Z/dg/dﬁ p(A, Z, 7, @K) <— but sumis
= intractable, O(KN)



Approximate inference for modular networks

e Jensen’s inequality (log of expected value bounds expected value of log) for any
distribution g

—Inp(A|K)

|

|
=

—

O
Q.
=1
=3
>
Ny
ﬁl
=

)
a ﬁ A 770K
< —Z/d@ dm q(Z, T, )lnp( ’Z’W’_,‘ )
= q(Z,7,0)
F{q;A}

Variational Bayes (Feynman 1972; MacKay, Jordan, Ghahramani, Jaakola, Saul 1999)



Approximate inference for modular networks

¢ [ is a functional of g; find approximation to posterior by optimizing approximation to
evidence

e Take q(z, &, 0)=q(z)q(m)q(0); Qi is probability node i in module p

where expected

counts are:
2-2.2; &
PleAl = 2433 0uQu ) - lrerag
(@ — ((ex) + E4,)) (6 ) = STr(Q"AQ)
—(6- = ({e=) + e49)){In(1 — 0c)) (dy) = M —{(cy)
—(dy = ({d+) + dy)){Inba) d_)y = C—M—{c_)
—(d— = ({d-) +d—;))(In(1 — 64)) N

(nu) = Z Qi



Approximate inference for modular networks

Initialization: Initialize the N-by-K matrix Q = Qg and set the pseudocounts

Cior Cogy iy, d_y, and 7iy,,.
Main loop: Until convergence in F'{q; A},

1. update é4’s, du’s and n,’s from expected counts and pseudocounts

& = (o) e = STHQTAQ) + 4, (14)
o = {c)y+c,= ;TT(QTAQ) +éy (15)
dy = (d)+dyy =M~ {cy) +dy, (16)
d_:(d)+d_0_0 M —{c_)+d_, (17)
M = (nys) + g = §3<9ﬂ1+-num (18)

where A is the logical negation of A, C' = N(N —1)/2, and M =13, Ayj;

2. update expected value of coupling constants

(1= 0y)
= 1)(Ey) — () —(dy) +(d-) (20)
o (=)

(Ja) = (In a _190)> (21)
= P(d_) —(d; +d_) (22)

—p(e-) +¥(er +¢o),

where () is the digamma function;

e [teratively optimize F{q;A} by updating distributions over parameters {r, 8} and latent

variables {z}

3. update Q as

where (Inm,)

Q(_i (JL)AQ—(JG) (i) +(In7)

(23)

= (n,) —¥ (X, n,) and Z is set by the normalization 5, Qs = 1;

4. calculate the optimal free energy under the updated parameter distributions

N

ZZ
a Qi In Qi
1

ZchZTr

03

p=1i=

F{g; A} = —

(24)



Validation: Toy graph

e Automatic complexity control: probability of occupation for extraneous modules
goes to zero



Validation: Toy graph

e Automatic complexity control: probability of occupation for extraneous modules
goes to zero

variational distributions over 8
c,=22 c =18
d =26 d =71

Q,(8,)
S (N




Validation: Complexity control

e Comparison of our method (VB) to alternative method (ICL, based on BIC) for
synthetic N=60 node networks and Krue=3,4,5 modules

KTrue/KVB KTrue /KICL
2 3 4 5 6 2 3 4 586
310 100 0 0O
410 0 90 10 O 414 25 7100

510 1 o5 91 3 5|26 55 17 2 0




Large-scale network

Validation
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Validation:

Runtime

e Main loop runtime for 10% nodes in MATLAB ~30 seconds

log Lolt (sec))

15

0.5

-0.5

Scaling of runtime with number of nodes

I

T

I

3.4

3.6

3.8



Preliminary Applications: Zachary’s karate network
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Preliminary Applications: Zachary’s karate network
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Conclusions

¢ Extended work on image data to phrase modularity as a modeling problem

e Used laws of probability to infer distributions over module assignments, model
parameters, and model complexity

¢ Resulted in a principled, accurate, and scalable algorithm

¢ \/alidated technique on synthetic and real networks

e Future: apply to protein-protein network to determine functional modules; extend
model to handle alternative network structure

e preprint: http://arxiv.org/abs/0709.3512
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